THE MEAN CONVERGENCE OF ORTHOGONAL SERIES. II

BY
HARRY POLLARD

Let w(x) be a weight function on (—1, 1) and p.(x) the corresponding
orthonormal polynomials [1, p. 25](*). Then

lp,,.(x)p,.(ac)'w(x)dac = Omn (mn=01-.-).

The development of a function f(x) defined on this interval takes the form

(1) f(5) ~ E Gpa(2),
where
@ an = 1Pu(x)f(x)w(x)dx.

The problem I wish to consider is this. Let L? denote the class of functions
f(x) which are measurable, and for which

1
3 f . | 7(2) |Pw(x)dz < .

For what values of p is it true that for all f(x) in L? we have convergence in
the mean of expansion (1), that is,

N

£@) = 3 anpa()| w(@)dz = 02

0

(4) lim
Now

1
-1

The range of values of p depends on the nature of the function w(x). If
w(x)=(1—x%"Y2 in which case the p,(x) are the normalized Tchebichef
polynomials, the range is 1<p < «; this follows from M. Riesz’ classical
theorem on the mean convergence of Fourier series. Recently I have con-
sidered the problem for w(x) =1, that is, for Legendre series [3]. In this case
the range turns out to be 4/3 <p <4, with failure of mean convergence for
some functions in L? if 1=<p <4/3 or p >4.

The purpose of this paper is to bridge the gap between the two results
by considering the problem for the general weight function w(x) = (1 —x2)»-1/2,

Presented to the Society, November 30, 1946; received by the editors February 25, 1947.
(*) Numbers in brackets refer to the bibliography at the end of the paper.
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A=0; the corresponding p,.(x) are the normalized ultraspherical polynomials
[1]. It will be established (§8) that (4) kolds for all f(x) in L%, if

1 1
(5) 2 >\+1<P<2+>\’
but not if 1<p<2—1/(A+1) or p>241/X(%). For A =0 this is consistent with
Riesz’ theorem, for A =1/2 with my own.

If in (1 —x2)»~!/2 we replace x by xA\~!/2, and take the limit as A— o, the
weight function becomes e~=', and the corresponding polynomials those of
Hermite on (— ©, «). The inequality (5) suggests that in this case p-mean
convergence holds only for p =2. This, and a similar result for Laguerre series,
will be confirmed by suitable counterexamples.

A large part of the work carries over to more general weight functions
than (1 —x2)*»1/2, We shall therefore first obtain a set of sufficient conditions
on w(x) in order that the property (4) hold for all f(x) in L. Later it will be
established that if (5) is true, then these conditions are actually fulfilled by
the special weight function.

It is possible to generalize the whole problem by considering distributions
da(x) rather than w(x)dx. Except for p =2, the more general problem appears
to be very difficult, and the present methods seem to offer little towards its
solution.

1. The hypotheses on w(x). Let p>1 be fixed. We shall assume that
w(x) satisfies hypotheses (H1)-(H8) given below. As they stand they are
rather complicated, but are in precisely the form we need. In later sections
a simpler set of conditions, which imply these, will be given.

(H1) w(x) is integrable and positive almost everywhere;

11
(H2) [ g utm)| .
-1 (1 — x?)12
(H3) the corresponding orthonormal polynomials p.(x) satisfy the condition
(1 — &) w(x)'2] palx) | < 4,

where A is independent of n and x;
(H4) if (1—x2)"1q.(x) denotes the polynomials orthonormal with respect to
(1 —x®)w(x), then
(1 = &) Mw(2)' ] ga(a) | < 4;
(HS) “w(x)l/ﬂ—lﬂ(l — xz)-lullp < o

(H6) | w(x)r2-1p(1 — 22)-111|,0 < o,
Here p'=p/(p—1) and [|g(x)||, = (/2] g(x) | 7dx) /2.

(%) Except when A =0, the end values are in doubt. If A=0, it is known that the theorem
fails for p=1 and p= . See, for example, [3]. The theorem was announced by the author,
without proof, in the note [3a].
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(H7) The kernels

(1 — 99)/(1 — 2%))£4(w(y)/w(x)) /217 — 1
x=Y

(
Ky(x, }’) = |
have the property that
1
RO
-1

belong to L*(—1, 1) whenever g(y) does.

It is easy to prove, although we shall not use the fact, that if the preceding
hypotheses are satisfied for some p >1, they are also satisfied when p is re-
placed by p’. This is to be expected in view of the fact that mean convergence
for p implies mean convergence for p’ [4, p. 108].

In the following sections we shall prove that if (H1)-(H7) hold, then (4)
is true for all f(x) in L2,

2. The partial sums. The kernel kx(x, ) is given by [1, p. 42]

S - N+1
En(2, 3) = 3 pa(@)pn(y) = uw ""“‘”)PN(yi - 1;~<x)p n)

where #,=Fk,/k.41, and k, >0 is the coefficient of x* in the polynomial p,(x).
The polynomials g.(x) defined in the preceding section are given by(%)

(%) = (ka/kns2)*{ (PatsBn — PuPatr) PrsaPnsts — Priifia) |12
prra(%)  pasr(x)  pa(x)
(2.1) Dnt2 Prt1 P
P2 Pas1 Pn
= Anpn(x) + Bopni1(x). 4 Crprya(2).
We write p, for p.(1) and $, for p,(—1).
A straightforward computation shows that

o Prt1(2)gn(y) = ga(2)pata(y) | #a Ca

k,. y = kn ’ ‘»
(=, ) i P + 1w +1(z, y)
so that
%, Cn
Ea(x, y) — { ka2, 9) + Pas1(a)paa(9) }

n un+l
Un Prr1(9)9a(3) — ¢a(2)Pnsa(y)
A, x—y

(%) This formula is contained in [5, pp. 138-139] with some inessential differences, due to
another normalization of the polynomials.
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Hence we have the formula

e Ca\7! t4a 2s(y)
ka(z, =(1- n
(2, 9) ( = An) 2 praata) 22
Un Cn\! Ua n
_ (1 _ ) 4(2) Pas1()
Upny1 An A, x—y
#n Ca\"! %y, C,
1-— » n .
+( = =) 2 () )

Now suppose that f(x) €L?%. Then the partial sums s,(f; x) of (1) are given
by f1, ka(x, ¥)f(y)w(y)dy, so that almost everywhere

1
#nDn pan(®) ()¢ ()f(y) dy

sa(fs %) =
f An -1 x—Yy

"Dﬁ 1 n+1
(2.2) BT () lw(y)i _(z)f(y) iy

U, Cq

- an+l?n+1(x) ]
Unt1 n

+ D

where D, = (1 — (#4/%ns1)(Cr/A4,))"1. The convergence almost everywhere of
the improper integrals, as Cauchy principal values, follows from the fact
that w(x)f(x) is integrable [6, p. 132]. The appearance of @, in the last term
is explained by the definition (2).

LEMMA 2.1. Under the hypotheses of §1 the following are true:
Un

Un . Ca
lim =1, lim — =1, lim = — 1.
n—w Upil n—w " n—o n

LEMMA 2.2. Under the hypotheses of §1, the coefficients a,, defined by (2) are
bounded.

Before proving the lemmas we apply them to (2.2). By virtue of (H3),
(H4) and the lemmas

| sa(fs2)| = 4 l 1- xz)-luw(x)—l/zf_l—_—w(y)xqu;f(y) dyl

+ 4 l a1- x2)1/4-w(x)-l/2fl w(y) pa+1(9)f(y) dyl

-1 x—y

(2.3)

+ A1 — ) Vdw(x)-12,

4 is a constant independent of # and x.
3. Proofs of the lemmas. To prove Lemma 2.1 we begin with the observa-
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tion that by virtue of (H1) and (H2)
1 1
k” ~ 1—1/22'! exp {_ f _og__zv_(fz_ dx} .

2rd (1 — x2)12

This formula can be found in [1, p. 302]. It follows that lim,.,%.=1/2.
Now, by (2.1)
Cn — ( fn _ Pn ) <?n+2 _ pn+2 >_1
An fn+! Pn+1 pn-{-l fn+l

An = (kn/kn+2)1/2 (p”-'.2 —_ in+2> 1/2( Pn — ﬁﬂ >_l/2.

n+1 fn+l ?n+l ;a+1

The conclusion of the lemma will now follow if we can prove that

and

(3.1) im 27 oy, mm o g
n— o Pu n—rew n

By [1, p. 46] pns1/P.>0 and Pn41/P. <0. We shall prove the first part of
(3.1); the second part follows by a similar argument. The p,(x) satisfy a re-
cursion formula [1, p. 41 (3.2.1)]

ta(®) = (bax + Ca) pn1(2) — dapns(x),
where [1, p. 303] b,—2, ¢,—0, d,—1. Take x=1 and let A, =p,/pn—1. Then
A = bn+ o= dn/An1.
Since 0 <\, <b,+c,, at least for large n, the N, are bounded. Also
dn = (bn + o — 2)A a1+ (2 — M)At
Hence
3.2 lim (2 — M)Ay = 1.

n— 0

Then 2—X, is positive for large #.
We now use the fact that for positive sequences a, and b,

lim inf @,b, =< lim inf a, lim sup b, = lim sup a,b,.
Then, by (3.2)
1 <liminf (2 — A\,) limsup Ay S 1,
1 < lim sup (2 — A,) lim sup Ap—q < 1.
It follows that
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(2 — lim sup A,) lim sup A, = 1,
(2 — lim inf A,) lim inf A, = 1,

so lim sup N, =lim inf \,=lim A\, =1, as was to be proved.

To prove Lemma 2.2 note that by (2)

. 1
| au | =| 1) wrf-wpa(3)dy | < (w1 2]

Hence, by (3) and (H3)
I a,,| < A”.wll,p'..uz(l — y2)-1/4”p,_

Now apply (H6).
4. Norms of the partial sums. We wish to prove next that

4.1 lim sup IIw(x)”?s,.(f; 2|, < ®
n— o

for all f(x) satisfying (3). According to (2.3), Minkowski’s inequality and

(HS)

L NGOG

— @)y

“w(x)llps,.(f; x)“p =4 “ (a- xz)‘l“w(x)llp-l/zf

-1 E »
+ 4 “ (1- x’)‘“w(x)”"‘”’f 1__—_w(y)i,.+1(;r)f(y) dy
-1 - P

+ 4,

where 4 is independent of 7.
To establish (4.1) it is enough to prove that each of the first two terms on
the right-hand side of (4.2) is bounded in #; call them I, and J, respectively.
Now let

4a(y) = (1 = 2~ w(y) %qa(y).
According to (H4) these functions are uniformly bounded in # and y. Since

(1 = 29 V4w(x)7=12w(y)ga(y)f(y) = w/7(y)f(y)4a(y)
1 — 2\ 1/4 1/2-1/p
+ w40 {(1=2) (E2)" -4

1 —x w(x)

we have

L4 ” fl w'?(y)f(9)4n(y) dy
(4.2) -

x=Y

A oy

b4

b 4
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Since w'/?()f(y)An(y) EL?(—1, 1), the first term on the right is [6, p. 132]
less than or equal to

AllwtirfAl|, < 4,

in view of the boundedness of 4.(y). The second term of (4.2) is less than or
equal to

b
V4

4 “ f _llw”"(y) | 1) | K (=, 3)dy
which is finite, by (H7). Hence I, is bounded.
A similar argument applies to J,. Let
Bu(y) = (1 = y)*%(3) *pasa(y).
By (H3), they are uniformly bounded. Now
(1 = %) 4w(x)7= 1 2w(y) puia () f(3) = w'?(y)f(3)Ba(y)

+oroono{(=2) (a) -1}

1—x w(x)

The rest of the proof proceeds as for I,, with the substitution of K._(x, ¥)
for K, (x, ).

5. The main theorem. We are now in a position to prove the following
theorem.

THEOREM 5.1. If w(x) satisfies the hypotheses (H1)—(HT) for some value of
p>1, then (4) is true for all f(x) in L2,

sa(f; x) can be regarded as a sequence of linear operators on the space L7,
normed by ”wl/"f”,. According to (4.1), which we may write

(5.1) lilzl_‘sgp(f—ll | sa(f; %) |Pw(x)dx)llp <o

the sequence of operators satisfies the hypotheses of a theorem of Banach
[4, p. 80] from which we can infer the existence of a constant 4, such that

5.2) | EGEIIC T | 1) PPw(a)d,

for all f in L?,

We wish to prove that s,(f; x)—f, for all f in L2, convergence being accord-
ing to the norm of L?. Now s,(f; x) certainly converges to f for all poly-
nomials f. Hence by (5.2) and another theorem of Banach [4, p. 79] s.(f; x)
converges (in L?) for all f. To prove that it actually converges to f, we proceed
as follows. Call the limit g. Then
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lim 1 | sa(f; x) — g(x) l"w(x)dx =0,

n—wo -1

so for each m

lim pm(2) {sa(f; %) — g(x) }w(x)dz = 0.

n—w -1

From the orthogonality of the p.(x) with respect to w(x) it follows that

[ 1) = @) putu@iz =0 m=0,1,2,- ).

1

Hence f(x)=g(x).
6. Reduction of the hypotheses. We shall now specialize w(x) to the form

6.1) w(x) = t(x)(1 — x)*(1 4+ x)? az —1/2,62 —1/2,
where t(x) is positive, has a continuous derivative, and
¢(x+ k) — ¢(x) = O(In~? | k) (h—0),

uniformly in —1=<x=1. The class of such w(x) will be denoted by B.

For such a weight function Bernstein [5, pp. 267-268] has shown that the
corresponding p.(x) satisfy (1 —x’)”‘w(x)_”’l p,.(x)l <A. Obviously (1—x?)
w(x) also belongs to B so that

(1 — a)a{(1 — x’)w(x)}ml_lqé%?l =4,

where ¢.(x)/(1—x?) are the polynomials orthonormal with respect to
(1—x?w(x). It follows that w(x) satisfies hypotheses (H1) through (H4) of

§1.
It is also easy to verify that (HS5) and (H6) are satisfied by a function

w(x) in B, provided

(6.2) 4max{a+1 ﬁ+1}<p<4min{a+l ﬂ+1}
' 2a+3 2843 : 2a+1 284+ 1f°

We illustrate with (H5); (H6) can be treated the same way. Since #(x) is
bounded

| w(x)l/P-12(1 — xz)—ml <4 l (1 — x)a@/p-1D-1/4(1 4 x)ﬁ(l/p—l/2)-l/4|

which belongs to L? if

G- G- D41
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or
4(a + 1) <4(B+1)_
2a+1 28+ 1

We may therefore deduce from Theorem 5.1 the following simpler cri-
terion for mean convergence.

THEOREM 6.1. If w(x) EB, and satisfies (H7) for a value of p in the range
(6.2), then (4) holds for all f(x) in L?.

7. A lemma. In order to show that the conditions of Theorem 6.1 are ful-
filled by the special function (1—x2)*-1/2, A20, we shall need the following
lemma(4).

Lemma 7.1. If —1<c<1, c<1/p<c+1, p>1 and f(x) is a non-negative
function of LP(—1, 1), then the function

[| Sz

x—y
also belongs to L?(—1, 1).

|f(y)dy

It is enough to prove that if g(x) =20, g(x) EL?'(—1, 1), then

(7.1) [ e [ e Ly

1

converges. The expression denoted by the dots is

1 —_ y2 c _
{(1 — x2> - 1} (o=
(7.1) can be written

1 1 , 1 — y2 =lpp' /1 — y2 1/pp’
f f g@| - | - I”P( ) ( ) dady,
-1 -1 1 — x2 1 — x2

which by Hélder’s inequality for double integrals is less than or equal to

1 1 1 — y2\"Ur 1/p’
P'dxf . e ( ) d }
{f_lg =) @
1 1 1 — 2 1/p' 1/p
.{f fpdyf I...l( y) dx} .
-1 —1 1 — x?

The proof of convergence is complete provided the inner integral of each

(4) The lemma is stated in the note [3a] without proof.
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iterated integral is a bounded function. But it is easy to see from the hy-
potheses of the lemma that each inner integral is of the form

f‘ (A =2)/(1 = s — (1 =)/ —s7))° p

s—1
where 0<a <1, 0<b<1. That such a function is bounded in —1<¢<1 was
established in [3, §13].
8. The ultraspherical case. Now let w(x)=(1—x?)*12, A=0. This is
obviously in the class B. The inequalities (6.2) reduce to

’

1 1
8.1 )< p <2+ —
(8.1) r1o? T
since a=(3=\—1/2. In order to establish the mean convergence property (4)
for this range of p, it is enough to verify (H7), for then Theorem 6.1 is
applicable.
Now the kernels of (H7) are for this function w(x)

(1 —y9)/Q = ah)) -1
x—y ’
where ¢c=+1/44+(0\—1/2)(1/2—1/p). By Lemma 7.1, (H7) is verified pro-

vided ¢<1/p <c+1. But this is a consequence of (8.1). Hence we have estab-
lished the following theorem.

THEOREM 8.1. If f(x) is measurable and satisfies the condition

J @) — apinar < o,

where N20, and 2—1/(\+1) <p<2+1/\, then the expansion of f(x) in the
ultraspherical series(5)

(@) ~ Z 0P (@)
converges to f(x) in the weighted pth mean:

2. \—1/2

f(x) Z 5PN | (= & e = 0.

N—m -

9. Counterexamples. We shall now show that mean convergence fails for
w(x) = (1—x)*V2 X\>0, if

1 1
12p<2— or >24—-
=9 T 1 P N

(%) For these polynomials, which, apart from constants, can be identified with the Jacobi
polynomials P2 (x), a=x—1/2, see [1, p. 80].
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Since 2—1/(A+1) and 241/\ are conjugate, we may confine ourselves to the
first range of p [4, p. 108]. Certainly for such p the function

f(x) = (1 — x)=1204D = (1 — g)~al2-3/4 a=\—1/2,

belongs to LZ.
The expansion of f(x) takes the form

f@) ~ T anPy 7 (a),
where [1, p. 249] for some 4 >0,

Gn > An—2(—-aI2—-3l4)—a—l = An1/2 (n_) 00),

To show the failure of mean convergence it is enough to establish that

1 _ aa 1/p
(9.1) lim inf a,.{ A - )" P () |"dx} > 0.
n—o -1
Now, since p=1,
- 1
a””(l _ x2)()\—1/2)l/pP'(‘a.a)(x)”ﬂ g Anllz (1 _ xﬁ))‘—llﬁl P:‘a. )(x) l dx
-1
1/2 1 * a (a,a)
= An f (1—2)°| Py (%) | dx
0
> A4,

by [1, p. 168 (7.34.1)]. From this (9.1) follows, and the proof is complete.
As we stated earlier, except when A=0, the status of the values p=2
—1/(A\+1), p=2+1/\ is in doubt. Analogy with the case \ =0 suggests fail-
ure of the property at these extreme values, but I am unable to confirm this.
10. Hermite and Laguerre series. The Hermitian series of a function
f(x) defined on (— «, «) takes the form

(10.1) f(x) ~ i anH,(x)
wheré [1, p. 238]

Ay = 1r“”22"“”(n!)‘1fwe“xzf(x)H,.(x)dx.

We may ask whether the condition
(10.2) f If(x) |"e“2dx < o,

f(x) measurable, guarantees that
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4
(10.3) lim e"dx = 0.

0
N—e —

J(x) = 2 ouHa(2)

For p=2 it is known that this is the case, for example because the moment

problem
0
Mo = f xre='dx

is determined [7, p. 61]. We shall show that if 1<p <2 (and hence if p>2)
that (10.3) may fail.

Choose ¢ so that 1/2<c¢<1/p, and let f(x) =e='. Then (10.2) is satisfied.
To compute the a, observe that [1, p. 102 (5.5.7)]

L] L L] n
Z a.w" = 7—1/2‘[ e~ -0zt Z K_H_"_(i)_dx
—00

0 0 A

= r—llsze—(l—c)zzezw—w’ﬂdx
K { c wz}
= ex —r .
P 1—¢ 4
a1 = 0,
10.4 c »1 1
(10.4) o e K( ) 11
4" !

We shall prove that

o . 1/p
limsupag,,{f e* IHz,.Ide} = o,

n— o

Then

from which the failure of (10.3) follows. We have

( f_we"’l Hzn(x)l"d:é>l/p 24 f:e—z’[ Han() | da

2r
= Af e"2| Hj.(x) | dx

(2n)!

n!

2%
f e=="12| cos { 2n + 1)V} | da,

where 4 is positive [1, p. 194 (8.22.8)]. Combining this with (10.4) yields
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© 1p A c n e 2(2n+1)22
b, = ag,.{f e“‘"l Hgn(x) Ipdx} = ——( ) f I cos yl dy.
—cc n\l—c¢ (2n+1)127

Now let #— « through those values of # for which (2#41)/2is an integer
N,. Then

A ¢ \WNn [»2Naz ¢ \N»
by, = — f cos v|d gA(————-—) .
v N, (1 - C) Nor | |4y 1—c¢

Since ¢>1/2, lim, .,bx, = ®, and the proof is complete.

For Laguerre series [1, p. 238] a similar result is true for f(x) =e,
1/2<c<1/p. The details follow the same lines as in the preceding cases,
with the substitution of [1, p. 192 (8.22.1)] for [1, p. 194 (8.22.8)].
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